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Question 1 
 
Consider the following equation: 
    

𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡) − 𝑡𝑡 + 1 = 0 
 
 a) Show that the interval [1,2] contains a root of this equation. 
                  (3 marks) 
 

b)  Use the Newton Raphson Method to find this root correct to 5 decimal 
places.                                                               (12 marks) 

 
 
 
 
Question 2 
 
Consider the curve defined by the integral  ∫ √2 + 𝑥𝑥2𝑑𝑑𝑑𝑑  10

2  
       

a. Using Trapezoidal Rule, find the area under the curve using 𝑛𝑛 = 8. 
                                                                                   (9 marks) 

 
b. Using Simpson’s rule, find the area under the curve using  𝑛𝑛 = 8. 

                                                                                      (9 marks) 
 
c. State which of the above you would consider to be the more  

accurate estimate and explain the reason for your answer.  
                 (2 marks) 
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Question 3 
 
         The following Ordinary Differential Equation represents the quarter model for a 

car suspension system in the usual notation. 
 

𝑚𝑚𝑥̈𝑥 + 𝑐𝑐𝑥̇𝑥 + 𝑘𝑘𝑘𝑘 = 𝑘𝑘𝑘𝑘         (1) 
 
In what follows, assume that 𝑚𝑚 = 1,    𝑐𝑐 = 6   ,𝑘𝑘 = 10 and that the car hits a 
step of height 𝑦𝑦 = 5 at 𝑡𝑡 = 0  

 
The General Solution to (1) comprises the sum of a Complementary Function 
and a Particular Integral: 

 
 a) Find the Complementary Function.                             (5 marks) 
 

b) Find the Particular Integral, and hence write down the    
  General Solution                                                         (7 marks) 

 
c) If the vertical displacement and velocity are zero at 𝑡𝑡 = 0, write down
 the initial conditions, and use these to find the Particular Solution.    

                                                      (8 marks) 
 
 
Question 4 
 
Use the method of Laplace transforms to solve the following differential equations: 
    

a) 𝑥̇𝑥 + 3𝑥𝑥 = 6𝑒𝑒3𝑡𝑡       𝑤𝑤𝑤𝑤𝑤𝑤ℎ  𝑥𝑥(0) = 0                                      (7 marks)                
   

b) 𝑑𝑑
2𝑦𝑦

𝑑𝑑𝑥𝑥2
+ 5 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
+ 6𝑦𝑦 = 0,    𝑎𝑎𝑎𝑎 𝑥𝑥 = 0, 𝑦𝑦 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 7              (15 marks) 
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Question 5 
 
Use the method of Laplace transforms to solve the differential equation below. 
 

𝑑𝑑2𝑃𝑃
𝑑𝑑𝑑𝑑2

+ 3
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 2𝑝𝑝 = 4𝑡𝑡          𝑝𝑝′(0) = 𝑝𝑝(0) = 0 
                                                   (18 marks) 
 
a. State if the differential equation is homogeneous or non-homogenous and explain 
the reason for your answer.                                     (2 marks) 

      
 b. State if the system described by the differential equation is underdamped,       
critically damped or overdamped and explain the reason for your answer.                   
                                                                                                    (3 marks)             
 

 
 

 
 
 

 
END OF QUESTIONS 

 
 
 

 
Formula sheets are over the page…. 

 
PLEASE TURN THE PAGE…. 
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FORMULA SHEET 

Partial Fractions 
 

proper fractions ( )
( )( )( ) ( ) ( ) ( )

    
f x A B C

x a x b x c x a x b x c
= + +

+ + + + + +
 

 

   
( )

( ) ( ) ( ) ( ) ( )2 2    
f x A B C

x a x bx a x b x a
= + +

+ ++ + +
 

 
( )

( )( ) ( ) ( )2 2
    

f x Ax B C
x bx a x b x a

+
= +

++ + +
 

 
improper fractions add on a polynomial of degree n d−  

where n is the degree of the numerator 
and d is the degree of the denominator 

 
 
 
Quadratic Equation 
 

the solution to 2   0ax bx c+ + =  
 

is   
2 4  

2
b b acx

a
− ± −

=  
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Derivatives 
[in all cases a is a constant] 
 

     
 Function  Derivative  
 ( )f x   ( )d f x

dx
 

 

          
 nx   1nnx −   

 axe   axae   

 
sin ax   cosa ax   

 cos ax   sina ax−   

 
tan ax   2seca ax   

 
ln x   

1
x

  

 
( )ln ax b+   ( )

a
ax b+

  

 
( )ln u x     

1 du
u dx

 If ( ) 0u x >  

 
sinha x   cosha ax   

 
cosha ax   sinha ax   

 
tanh ax   ( )21 tanha ax−   
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Integrals 
[in all cases a is a constant, and the constants of integration have been omitted] 
 

     
 Function  Integral  
 ( )f x   ( )f x dx∫   

          
 nx   11

1
n

n x +
+  1n ≠ −  

 1
x

  ln x   

 axe   1 ax
a e   

 
sin ax   1 cosa ax−   

 cos ax   1 sina ax   

 
tan x   ( )ln cos x−   

 
( )ln ax   ( )lnx ax x−   

 

( )
1

ax b+
  ( )1 lna ax b+   

 
2 2

1
a x−

  ( )1sin x
a

−  a x>  

 
2 2

1
a x+

  ( )11 tan x
aa

−   

 
sinh x   cosh x   

 
cosh x   sinh x   
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Calculus Rules – Differentiation 

product rule :  ( )       d dv duuv u v
dx dx dx

= +  

quotient rule :   2

1      d u du dvv u
dx v v dx dx

   = −      
 

chain rule :  ( )( )     d dy duy u x
dx du dx

=    

 
Calculus Rules – Integration 

integration by parts :        u dv uv v du= −∫ ∫  

 or :          dv duu dx uv v dx
dx dx

= −∫ ∫  

with limits :  [ ]
  

  

 

 
     

b b

a a

b

a
dv duu dx v dxuvdx dx

= −∫ ∫  

 

integration by substitution : ( ) ( )      duf u dx f u du
dx

=∫ ∫  

for expressions in the form 
 

( ) ( )' 
b

k f t f t dt
a

  ∫  

 
Use the substitution ( )u f t=   
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2nd order Differential Equations 
 

The differential equation 
2

2       0d y dya b cy
dx dx

+ + =    [a, b, c constant] 

has auxiliary equation 2 0am bm c+ + =    with solutions 1m  and 2m  
and solutions: 
 

 
 (i)   1 2    m x m xy Ae Be= +   if 1m  and 2m  are real and different 

 
  
 (ii)   ( )  mxy Ax B e= +   if 1m  and 2m  are real and equal 
 

 
(iii)   ( )      cos   sinpxy e A qx B qx= +        if 1m  and 2m  are complex, 

 
 

 where 1m p jq= +  and 2m p jq= −  
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Damping  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
       
 
 
 
 
 
 
 
 
 
 
      PLEASE TURN THE PAGE…. 
 

mλ
2
 + c λ + k  = 0 

𝜆𝜆1 =  
−𝑐𝑐 + √𝑐𝑐2 − 4𝑘𝑘𝑘𝑘

2𝑚𝑚
 𝜆𝜆1 =  

−𝑐𝑐 − √𝑐𝑐2 − 4𝑘𝑘𝑘𝑘
2𝑚𝑚

 

CASE I ■ c
2 

– 4mk > 0 (overdamping) 

CASE I ■ c
2 

– 4mk = 0 (critical overdamping) 

CASE III ■ c
2 

– 4mk < 0 (underdamping) 
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Laplace Transforms 

ℒ ( ){ } ( )
0

stf t e f t dt
∞ −= ∫  

 
      
 Function  Laplace 

 
 ROC 

 ( )f t   ℒ ( ){ }f t    

            
 

1. constant( )a =   
a
s

 
 

( ) 0sℜ >  

 
2. t   2

1
s

 
 

( ) 0sℜ >  

 
3. 2t   3

2
s

 
 

( ) 0sℜ >  

 
4. nt    

0

&

n

n

>

∈

 
  

  1

!
n

n
s +  

 
( ) 0sℜ >  

 
5. ate−   

1
s a+

 
 

( )s aℜ > −  

 
6. at ne t−   ( ) 1

!
n

n
s a ++

 
 

( )s aℜ > −  

 
7. ( )u t a−   

ase
s

−

 
 

( ) 0sℜ >  

 
8. ( ) ( )y t a u t a− −   ( )ase Y s−  

 
where ( )Y s =ℒ ( ){ }y t  

 
9. ( )tδ   1 

 
s∀  

 
10. ( )t aδ −   ase−  

 
s∀  
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Laplace transforms continued 
 
 
 

      
 Function  Laplace 

 
 ROC 

            
 

11. cos tω   2 2

s
s ω+

 
 

( ) 0sℜ >  

 
12. sin tω   2 2s

ω
ω+

 
 

( ) 0sℜ >  

 
13. cosate tω−   ( )2 2

s a
s a ω

+

+ +
 

 
( )s aℜ > −  

 
14. sinate tω−   ( )2 2s a

ω
ω+ +

 
 

( )s aℜ > −  

 
15. cosh tω   2 2

s
s ω−

 
 

 

 
16. sinh tω   2 2s

ω
ω−

 
 

 

 
17. coshate tω−   ( )2 2

s a
s a ω

+

+ −
 

 
 

 
18. sinhate tω−   ( )2 2s a

ω
ω+ −

 
 

 

 
19. ( ){ }d y t

dt
  ( ) 0sY s y−  

  
 

where ( )Y s =ℒ ( ){ }y t  
and ( )0 0y y=  

 
20. ( ){ }

2

2

d y t
dt

  ( )2
0 0s Y s sy y− −   

 
where 0

0t

dyy
dt =

=  
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