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Q1: Differentiation-Integration 

 

(a)  The voltage 𝑣𝑣 = 1 − 𝑒𝑒−
𝑡𝑡

2×10−6, across a capacitor of a capacitance, 𝐶𝐶 =
0.2 × 10−6𝐹𝐹, has a current, 𝑖𝑖, given by  

𝑖𝑖 = 𝐶𝐶
𝑑𝑑𝑣𝑣
𝑑𝑑𝑑𝑑

 

Determine 𝑖𝑖. 
                                                                                                                (10 Marks) 
 
 

(b) The force, 𝐹𝐹 in N, required to compress a spring is given by  
𝐹𝐹 = 1000𝑥𝑥 + 50𝑥𝑥3 

where 𝑥𝑥 is the displacement from its unstretched length. The work done, 𝑤𝑤, to 
compress a spring by 0.3𝑚𝑚 is given by  

𝑊𝑊 = � 𝐹𝐹𝑑𝑑𝑥𝑥
0.3

0
 

Determine 𝑊𝑊. 
                                                                                                                     (10 Marks) 

 

                                                                                                    Total 20 Marks 
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Q2: Second Order Differential Equation  

Solve ONE of the TWO parts below: 

Part 1: 

(a) The motion of a car can be modelled by the following equation 
 

𝑠𝑠(𝑑𝑑)′′ + 2𝑠𝑠(𝑑𝑑)′ − 3𝑠𝑠(𝑑𝑑) = 0 
 
For which 𝑦𝑦 is the displacement in function of the time (𝑑𝑑). The initial conditions 
are 𝑠𝑠(0) = 0𝑚𝑚 and 𝑠𝑠′(0) = 2𝑚𝑚/𝑠𝑠. 
 
Solve analytically the equation above to find the displacement, 𝑠𝑠(𝑑𝑑), and state the 
nature of displacement response. 

                                                                                                                    (14 Marks) 

(b) Create a table listing displacement, 𝑠𝑠(𝑑𝑑), found in (a) for 𝑑𝑑 = 3, 6 and 9 (𝑠𝑠). 
                                                                                                                     (6 Marks)
                                                                                                  Total 20 Marks 

Part 2: 

(a) By applying Kirchhoff’s current law to a circuit we obtain the second order 
differential equaion 
 

𝑖𝑖(𝑑𝑑)′′ + 7𝑖𝑖(𝑑𝑑)′ + 10𝑖𝑖(𝑑𝑑) = 0 
 
For which the natural response of the circuit is 𝑖𝑖, the current in function of the 
time (𝑑𝑑). The initial conditions are 𝑖𝑖(0) = 0 𝐴𝐴 and 𝑖𝑖′(0) = 2𝐴𝐴/𝑠𝑠. 
 
Solve analytically the equation above to find the current, 𝑖𝑖(𝑑𝑑), and state the 
nature of response of the current. 

                                                                                                                    (14 Marks) 

 
(b) Create a table listing the current, 𝑖𝑖(𝑑𝑑) found in (a) for 𝑑𝑑 = 2,4 and 6 (𝑠𝑠). 

                                                                                                              (6 Marks) 

                                                                                                 Total 20 Marks 
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Q3: First Order Differential Equation 

Solve ONE of the TWO parts below: 

Part 1: 

(a) Consider a tank full of water is being drained out through an outlet. The height 
𝐻𝐻 in 𝑚𝑚 of water in the tank at 𝑑𝑑 in 𝑠𝑠 is given by  

𝑑𝑑𝐻𝐻
𝑑𝑑𝑑𝑑

= −(2.8 × 10−3)√𝐻𝐻 

Find the general solution of the above equation giving the 𝐻𝐻 in function of time 𝑑𝑑 
Given that when 𝑑𝑑 = 0𝑠𝑠𝑒𝑒𝑠𝑠, 𝐻𝐻 = 4𝑚𝑚, find an expression of 𝐻𝐻 in terms of 𝑑𝑑. 
                                                                                                                (12 Marks)    

                                                                                           
(b) When 𝑑𝑑 = 0𝑠𝑠𝑒𝑒𝑠𝑠, 𝐻𝐻 = 4𝑚𝑚, find the fully defined equation of 𝐻𝐻 in terms of 𝑑𝑑.     

                                                                                                                  (8 Marks)    
                                                                                                                         

                                                                                                 Total 20 Marks 
 

Part 2: 

(a) A battery supplies contant voltage, 𝐸𝐸(𝑑𝑑) of 40𝑉𝑉, and if inductance, 𝐿𝐿 is 2𝐻𝐻 and 
resistance, 𝑅𝑅 is 10Ω. The current 𝐼𝐼 in 𝐴𝐴 of that circuit at 𝑑𝑑 is 𝑠𝑠 is given by 
 

𝐿𝐿
𝑑𝑑𝐼𝐼
𝑑𝑑𝑑𝑑

+ 𝑅𝑅𝐼𝐼 = 𝐸𝐸(𝑑𝑑) 

Find the general solution of the above equation givning the 𝐼𝐼 in terms of 𝑑𝑑. 
                                                                                                                    (12 Marks) 

(b) In the beginning of the time (𝑑𝑑 = 0𝑠𝑠), the current, 𝑖𝑖, was 0𝐴𝐴, find the fully defined 
equation of 𝐼𝐼 in terms of 𝑑𝑑. 

                                                                                                                    (8 Marks) 

                                                                                                 Total 20 Marks 
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Q4: Laplace Transforms 

  

Solve ONE of the TWO parts below: 

Part 1: 

(a) The temperature gradient, 𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

, of an aluminium rod can be modelled by  
𝑑𝑑𝑑𝑑(𝑑𝑑)
𝑑𝑑𝑑𝑑

= −1 × 10−4(𝑑𝑑(𝑑𝑑) − 20) 

Given the rod is initially (𝑑𝑑 = 0𝑠𝑠) placed into a oven at 220°𝐶𝐶 till equilibrium.  
                                                                                     

 
Use the method of Laplace transforms to derive an expression for 𝑑𝑑(𝑑𝑑). 

(12 Marks) 

(b) Estimate the time 𝑑𝑑 in 𝑠𝑠 taken for the rod to cool down to 100 °𝐶𝐶 when its taken 
out of the oven and kept at room temperature of 20 °𝐶𝐶. 

                                                                                                                    (8 Marks) 

                                                                                                 Total 20 Marks 
Part 2: 

(a) An electric circuit can be modelled using the following equation: 
 

8𝑄𝑄′ + 25𝑄𝑄 = 150 
 
where 𝑄𝑄 in 𝐶𝐶 is the instantantaneous charge respectively at time 𝑑𝑑 is 𝑠𝑠.  
 
Given: initial condition, 𝑄𝑄(0) = 0 when 𝑑𝑑 = 0 𝑠𝑠. 
 
Use the method of Laplace transforms to derive an expression for 𝑄𝑄(𝑑𝑑).  

                                                                                                                    (12 Marks) 

(b) Estimate the time 𝑑𝑑 (in 𝑠𝑠) taken for the 𝑄𝑄 to reach 5𝐶𝐶. 
                                                                                                                    (8 Marks) 

                                                                                                 Total 20 Marks 
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Q5: Fourier transform 

An electronic/mechanical signal can be modelled by the following equations in the 
time domain 𝑑𝑑. 

 

𝑓𝑓(𝑑𝑑) = 6;                   𝑓𝑓𝑓𝑓𝑓𝑓 |𝑑𝑑| ≤ 3 

𝑓𝑓(𝑑𝑑) = 0;                   𝑓𝑓𝑓𝑓𝑓𝑓 |𝑑𝑑| > 3 

 

(a) Sketch the signal waveform from the equations and comment on the result. 
(6 Marks) 

                                                                                           
 

(b) Calculate the Fourier transform 𝐹𝐹(𝜔𝜔) of the signal waveform and comment on the 
result. 

(14 Marks) 

 

Total 20 Marks 
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Q6: Matrices  

Solve ONE of the TWO parts below: 

Part 1: 

A electric circuit obays the following equations. 

𝑑𝑑�⃗�𝑥
𝑑𝑑𝑑𝑑

= 𝐴𝐴�⃗�𝑥 

�⃗�𝑥(𝑑𝑑) = 𝑒𝑒𝜆𝜆𝑡𝑡𝑢𝑢�⃗  

where,  

𝐴𝐴 = �−0.5 0.5
−1.5 −2.5� 

                                                                        

�⃗�𝑥 = �𝐼𝐼𝑉𝑉� 

𝑑𝑑 is time, 𝜆𝜆 is eigen value and is 𝑢𝑢�⃗  eigen vector and 𝐼𝐼 is current and 𝑣𝑣 is voltage. 

a) Find the eigenvalues of matrix A. 
(8 Marks) 

b) Find the eigenvectors of matrix A. 
(12 Marks) 

 
Total 20 Marks 

Part 2: 

The natural period, 𝑑𝑑, of vibrations of a building is given by  

𝑑𝑑 =
2𝜋𝜋
√−𝜆𝜆

 

where 𝜆𝜆 is the eigenvalue of a fiven matrix 𝐴𝐴.  

𝐴𝐴 = �−20 10
10 −10� 

 

(a) Find the eigenvalues of matrix 𝐴𝐴 and calculate two natural periods in 𝑠𝑠.   
(10 Marks) 

(b) Find the eigenvectors of matrix 𝐴𝐴. 
(10 Marks) 

Total 20 marks 
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Q7: Simpson’s rule  

Solve ONE of the TWO parts below: 

Part 1: 

A force, 𝐹𝐹, acting on a pariticle varies with time, 𝑑𝑑, according to the table below. 

Time - 𝑑𝑑 (𝑠𝑠) 0 0.5 1.0 1.5 2.0 2.5 3.0 

Force - 𝐹𝐹 (𝑁𝑁) 3.2 5.6 7.0 7.7 8.4 9.9 11.6 

 

(a) Sketch the graph of force, 𝐹𝐹 versus time, 𝑑𝑑 from the data given in the table and 
annotate the graph appropriately. 

(6 Marks) 
(b) Find an approximate value for the impulse of this force ∫ 𝐹𝐹𝑑𝑑𝑑𝑑 3

0 using Simpson’s 
rule. 

(14 Marks) 
Total 20 Marks 

Part 2: 

The mean voltage, �̅�𝑣, is given by  

 �̅�𝑣 =
1

0.6
� 𝑣𝑣𝑑𝑑𝑑𝑑
0.6

0
 

where, 𝑣𝑣 is values of voltages measured at intervals of 0.1s as shown in the table 
below. 

t (s)  0 0.1 0.2 0.3 0.4 0.5 0.6 

Voltage (𝑣𝑣) (𝑉𝑉) 4 3.92 3.86 3.77 3.61 3.52 3.41 

 

(a) Sketch the graph of the voltage, 𝑣𝑣 versus the time, 𝑑𝑑 from the data given in the 
table and annotate the graph appropriately. 

(6 Marks)                                                                                          
 

(b) Find an approximate value of mean voltage, �̅�𝑣 using Simpson’s rule. 
(14 marks) 

 
Total 20 Marks 
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Q8: Partial derivative and double integrals  

(a) If 𝑓𝑓 is given as 
𝑓𝑓 = 𝑒𝑒𝑦𝑦 ∗ sin(𝑥𝑥) 

Evaluate 𝑍𝑍, so that: 

𝑍𝑍 =  
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥

+
𝜕𝜕2𝑓𝑓
𝜕𝜕𝑥𝑥𝜕𝜕𝑦𝑦

 

If  𝑥𝑥 = 𝜋𝜋/2 and 𝑦𝑦 = −3. 
(10 Marks) 

 

(b) Evaluate the following double integrals 
 

� � (3 𝑥𝑥3 − 2 𝑦𝑦3 + 4) 𝑑𝑑𝑦𝑦 𝑑𝑑𝑥𝑥
𝑦𝑦=8

𝑦𝑦=0

𝑥𝑥=6

𝑥𝑥=0
 

 

(10 Marks) 
 

Total 20 Marks 

                                                                                          
                                                                                           

 
 
 
 

 
 
 
 

END OF QUESTIONS 
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Simpson’s rule 
To calculate the area under the curve which is the integral of the function 
Simpson's Rule is used as shown in the figure below:  
 
 
 
 
 
 
 
 
 
 
 
 
The area into n equal segments of width Δx. Note that in Simpson's Rule, n must be 
EVEN. The approximate area is given by the following rule: 
 

𝐴𝐴𝑓𝑓𝑒𝑒𝐴𝐴 = �𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 =
∆𝑥𝑥
3

(𝑦𝑦0 + 4𝑦𝑦1 + 2𝑦𝑦2 + 4𝑦𝑦3 + 2y4 … + 4y𝑛𝑛−1 + y𝑛𝑛)
𝑏𝑏

𝑎𝑎

 

 
Where  𝛥𝛥𝑥𝑥 = 𝑏𝑏−𝑎𝑎

𝑛𝑛
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Differential equation 
 
Homogeneous form: 

𝐴𝐴�̈�𝑦 + 𝑏𝑏�̇�𝑦 + 𝑠𝑠𝑦𝑦 = 0 
Characteristic equation: 

𝐴𝐴𝜆𝜆2 + 𝑏𝑏𝜆𝜆 + 𝑠𝑠 = 0 
 
Quadratic solutions : 

𝜆𝜆1,2 =
−𝑏𝑏 ± √𝑏𝑏2 − 4𝐴𝐴𝑠𝑠

2𝐴𝐴
 

 
i. If 𝑏𝑏2 − 4𝐴𝐴𝑠𝑠 > 0,  𝜆𝜆1 and 𝜆𝜆2 are distinct real numbers then the general solution 

of the differential equation is: 
𝑦𝑦(𝑑𝑑) = 𝐴𝐴𝑒𝑒𝜆𝜆1𝑡𝑡 + 𝐵𝐵𝑒𝑒𝜆𝜆2𝑡𝑡 

           A and B are constants. 
 

ii. If 𝑏𝑏2 − 4𝐴𝐴𝑠𝑠 = 0,  𝜆𝜆1 = 𝜆𝜆2 = 𝜆𝜆  then the general solution of the differential 
equation is: 

𝑦𝑦(𝑑𝑑) = 𝑒𝑒𝜆𝜆𝑡𝑡(𝐴𝐴 + 𝐵𝐵𝑥𝑥) 
 
           A and B are constants. 
 

iii. If 𝑏𝑏2 − 4𝐴𝐴𝑠𝑠 < 0,  𝜆𝜆1 and 𝜆𝜆2 are complex numbers then the general solution of 
the differential equation is: 

 
𝑦𝑦(𝑑𝑑) = 𝑒𝑒𝛼𝛼𝑡𝑡[𝐴𝐴𝑠𝑠𝑓𝑓𝑠𝑠(𝛽𝛽𝑑𝑑) + 𝐵𝐵𝑠𝑠𝑖𝑖𝐵𝐵(𝛽𝛽𝑑𝑑)] 

 

𝛼𝛼 =
−𝑏𝑏
2𝐴𝐴

   𝐴𝐴𝐵𝐵𝑑𝑑   𝛽𝛽 =
√4𝐴𝐴𝑠𝑠 − 𝑏𝑏2

2𝐴𝐴
 

            A and B are constants. 
 
 
 
Inverse of 2x2 matrices: 

 𝐴𝐴 = �𝐴𝐴 𝑏𝑏
𝑠𝑠 𝑑𝑑� 

 
The inverse of A can be found using the formula: 
 

  𝐴𝐴−1 =
1

𝐴𝐴𝑑𝑑 − 𝑏𝑏𝑠𝑠
 � 𝑑𝑑 −𝑏𝑏
−𝑠𝑠 𝐴𝐴 � 

 
 
 

PLEASE TURN THE PAGE… 
 

PAST
 E

XAM
IN

ATIO
N



Page 13 of 18 
School of Engineering  
BEng Mechanical, Electrical and Electronic Engineering 
Semester One Examination 2022/2023 
Engineering Modelling and Analysis 
Module No. AME5014 
Modelling growth and decay of engineering problem 
 
𝐶𝐶(𝑑𝑑) = 𝐶𝐶0𝑒𝑒𝑘𝑘𝑡𝑡 
 
k > 0 gives exponential growth  
 
k < 0 gives exponential decay 
 
 
 
First order system 
 

𝑦𝑦(𝑑𝑑) =  𝑘𝑘(1 − 𝑒𝑒−
𝑡𝑡
𝜏𝜏) 

 

Transfer function:                                
𝑘𝑘

𝜏𝜏𝜏𝜏+1
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Fourier Series 

The periodic square wave with Fourier Series and the coefficients of the Fourier Series 

 

The function which represent the periodic square wave can be represented by 

𝑦𝑦 = 𝑓𝑓(𝑑𝑑) 

Period of the function: 

𝑑𝑑 = 2𝜋𝜋 
𝑠𝑠𝑒𝑒𝑠𝑠
𝑠𝑠𝑦𝑦𝑠𝑠𝑐𝑐𝑒𝑒

 

Fourier series of the function: 

𝑓𝑓(𝑑𝑑) = 𝐴𝐴0 + 𝐴𝐴1 cos(𝑑𝑑) + 𝐴𝐴2 cos(2𝑑𝑑) + 𝐴𝐴3 cos(3𝑑𝑑) + ⋯+ 𝐴𝐴𝑛𝑛 cos(𝐵𝐵𝑑𝑑) 

+𝑏𝑏1 sin(𝑑𝑑) + 𝑏𝑏2 sin(2𝑑𝑑) + 𝑏𝑏3 sin(3𝑑𝑑) + ⋯𝑏𝑏𝑛𝑛 sin(𝐵𝐵𝑑𝑑) 

Where, 𝐵𝐵 = 1,2,3,4,5, … … .. 

Alternatively,  

𝑓𝑓(𝑑𝑑) = 𝐴𝐴0 + �(𝐴𝐴𝑛𝑛 cos(𝐵𝐵𝑑𝑑) + 𝑏𝑏𝑛𝑛 sin(𝐵𝐵𝑑𝑑))
∞

𝑛𝑛=1

 

Fourier Coefficients:  

𝐴𝐴0 =
1
𝑑𝑑
� 𝑓𝑓(𝑑𝑑)𝑑𝑑𝑑𝑑
𝑑𝑑

0
 

𝐴𝐴𝑛𝑛 =
2
𝑑𝑑
� 𝑓𝑓(𝑑𝑑) cos(𝐵𝐵𝑑𝑑)𝑑𝑑𝑑𝑑
𝑑𝑑

0
 

𝑏𝑏𝑛𝑛 =
2
𝑑𝑑
� 𝑓𝑓(𝑑𝑑) sin(𝐵𝐵𝑑𝑑)𝑑𝑑𝑑𝑑
𝑑𝑑

0
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Useful Equations for Fourier transform 

Fourier transform equation 

𝐹𝐹(𝜔𝜔) = � 𝑓𝑓(𝑑𝑑)
∞

−∞
𝑒𝑒−𝑗𝑗𝑗𝑗𝑡𝑡𝑑𝑑𝑑𝑑 

 

Inverse Fourier transform equation 

                                                           𝑓𝑓(𝑑𝑑) = 1
2𝜋𝜋 ∫ 𝐹𝐹(𝜔𝜔)∞

−∞ 𝑒𝑒𝑗𝑗𝑗𝑗𝑡𝑡𝑑𝑑𝜔𝜔  

 

Euler’s formula for trigonometric identities 

𝑒𝑒𝑗𝑗𝑗𝑗 = cos𝜃𝜃 + 𝑗𝑗 sin𝜃𝜃 

sin𝜃𝜃 =
1
2𝑗𝑗 �

𝑒𝑒𝑗𝑗𝑗𝑗 − 𝑒𝑒−𝑗𝑗𝑗𝑗� 

cos𝜃𝜃 =
1
2 �
𝑒𝑒𝑗𝑗𝑗𝑗 + 𝑒𝑒−𝑗𝑗𝑗𝑗� 

Where, 𝑗𝑗 = √−1 

 

For any arbitrary function 

� 𝑓𝑓(𝑑𝑑)𝛿𝛿(𝑑𝑑 − 𝑑𝑑0)
𝑏𝑏

𝑎𝑎
𝑑𝑑𝑑𝑑 = 𝑓𝑓(𝑑𝑑0) 
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