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1. (a) (i) The function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) is analytic. Show that  
   𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) satisfy ∇2𝑢 = ∇2𝑣 = 0 where 
 

∇2≡
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
 . 

         (6 marks) 
 
  (ii) Show that 
 

𝑢(𝑥, 𝑦) = 𝑥2 − 𝑦2 − 2𝑥𝑦 − 2𝑥 + 3𝑦 
 

    satisfies ∇2𝑢 = 0.   (4 marks) 
 
  (iii) If 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) is an analytic function and 𝑢(𝑥, 𝑦) is 
   the function given in Question 1(a)(ii) above, find the function  
   𝑣(𝑥, 𝑦) given that 𝑣(0,0) = 0. 
         (7 marks) 
 
  (iv) Hence find the function 𝑓(𝑧) = 𝑢 + 𝑖𝑣 in Question 1(a)(iii) above 
   in a form in which the right-hand side is also written as a function 
   of z. 
         (4 marks) 

 
(b) Show that 𝑓(𝑧) = 𝑧̅, where 𝑧̅  is the complex conjugate of 𝑧, is not an  
  analytic function. 
         (4 marks) 
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2. Find the value of 

∫ 𝑧2𝑑𝑧
𝐶

 

 
along the paths C described in each of the cases (a), (b) and (c) below, all of 
which refer to the diagram Figure Q2: 
 

 
 
 
(a) C is the line OB joining the points 𝑧 = 0 to 𝑧 = 1 + 𝑖 ; 
         (10 marks) 
 
(b) C is the path OAB ; 
         (10 marks) 
 
(c) C is the closed contour OABO, using your results for Questions 2(a) and (b) 
  above and any other method. 
         (5 marks) 
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3. (a) If  

𝑓(𝑧) =
𝑧

(𝑧 + 2)(𝑧 − 2𝑖)3
 

 
and D, E and F are circles with radius 3 and centres at −2𝑖, 0 and 3𝑖  
respectively, find: 
 

  (i) ∮ 𝑓(𝑧)𝑑𝑧;
𝐷

    

  
      (8 marks) 
 

(ii) ∮ 𝑓(𝑧)𝑑𝑧;
𝐸

     

      (8 marks) 
 

(iii) ∮ 𝑓(𝑧)𝑑𝑧
𝐹

.     

      (4 marks) 
 

 (b) State the value of  

∮
𝑑𝑧

(𝑧 − 2𝑖)3
𝐹

 

  
where F is defined in part (a) above. 
 
Hence, or otherwise, find 
   

∮
2𝑑𝑧

(𝑧 + 2)(𝑧 − 2𝑖)3
 .

𝐹

 

 
      (5 marks) 
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4. (a) Evaluate 

∫
𝑑𝑥

(1 + 𝑥2)3

∞

−∞

 

 
by considering a suitable contour integral. 
      
      (10 marks) 
 

 (b) (i) The function 𝑓(𝑧) 𝑔(𝑧)⁄  has a simple pole at the point 𝑧 = 𝑎.  
 Use L’Hopital’s rule to show that the residue at this point is 

       𝑓(𝑎) 𝑔′(𝑎)⁄ . 

          (5 marks) 

 

 (ii) Show that the sum of residues on the negative real axis, including 

  𝑧 = 0, of 

𝑒𝑧

sin𝑚𝑧
 

 

  is 

𝑒𝜋 2𝑚⁄

2𝑚
sech

𝜋

2𝑚
  

 

  where 𝑚 is a positive real number excluding zero.  

          (10 marks) 
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